We consider the dynamics of an XY spin chain subjected to an external transverse field which is periodically quenched between two values. By deriving an exact expression for this out-of-equilibrium protocol's Floquet Hamiltonian, we show how the parameter space of the system is characterized by alternations between local and non-local regions, corresponding respectively to the absence and presence of Floquet resonances. The boundary lines between regions are obtained analytically from avoided crossings in the Floquet quasi-energies and are observable as phase transitions in the synchronized state. The transient behaviour of dynamical averages of local observables similarly undergoes a transition, showing either a rapid convergence towards the synchronized state in the local regime, or a rather slow one exhibiting persistent oscillations in the non-local regime.
Introduction. -The study of out-of-equilibrium systems has recently moved to the forefront of current research in many-body physics, motivated in no small part by the desire to create interesting states of matter with properties beyond those achievable in equilibrium. In periodically-driven systems, which naturally exist in nature but can also easily be created in the laboratory, driving can be used as a probe or to generate non-trivial phases [1] [2] [3] . Floquet theory [4] is then used as the natural language to describe these situations. Whereas all relevant properties of the periodic dynamics are encoded in the Floquet Hamiltonian, finding exact solutions remains a severe challenge, and these are usually limited to few-body systems. This poses severe limitations to the application of Floquet theory when a large number of components are involved, as is the case in condensed matter physics. However, in free-fermion models and related (integrable) spin chain systems, the Floquet Hamiltonian can sometimes take a simpler form due to their underlying algebraic structure [5] . These models can then shed light on the dynamics of periodicallydriven systems, while describing experimentally-relevant situations [6] [7] [8] . Previous theoretical works have explored some of these scenarios [9, 10] , and numerical studies have also been performed for non-integrable systems [11] [12] [13] [14] , where the role of many-body (or Floquet) resonances is of major interest [15] [16] [17] [18] [19] [20] [21] . Yet, exact expressions for Floquet Hamiltonians, from which much could be learned on equilibration * prof@jscaux.org and synchronization phenomena in driven systems, are still lacking in most cases.
In this Letter, we tackle the problem of an antiferromagnetic spin-1/2 XY chain subject to periodic quenches of a transverse magnetic field. The resulting real-space Floquet Hamiltonian is obtained exactly, thanks to the algebraic structure of the model, allowing us to investigate its local/non-local nature for different driving parameters. A link is then established between the locality of the Floquet Hamiltonian and the presence of avoided crossings between its eigenstates, which can be interpreted as Floquet resonances. These resonances are generally not expected to be observable in the thermodynamic limit, but the free-fermionic nature of the studied model restricts these resonances to the single-particle spectrum, leading to a slow convergence of observables towards a synchronized state with persistent oscillations in the non-local regime.
Driving the XY spin chain. -We consider the antiferromagnetic spin-1/2 XY chain described by the Hamiltonian
with superexchange parameter J > 0, anisotropy γ ∈ [0, 1], and where h(t) is a time-periodic external magnetic field with non-negative average value. The spin-1/2 operators S α j , with α ∈ {x, y, z}, obey periodic boundary conditions S α j+N = S α j . Performing the customary Jordan-Wigner transformation followed by a Fourier transform to spinless fermion operators {c † k , c k } and taking care of the boundary conditions [22] 
which (assuming even filling in subsectors k ∪ −k) is a direct sum of operators acting on two-dimensional subspaces spanned by {|0 , c † k c † −k |0 }. Although the equilibrium properties of this model are well-known by now [22, 24, 25] , its out-of-equilibrium behaviour has only been explored in a few scenarios [26] [27] [28] [29] . Let us then consider this system subject to a periodic quenching protocol with driving period T , in which the external field alternates between values h 1 and h 2 during time windows of αT and (1 − α)T respectively, with α ∈ [0, 1].
If we observe the system stroboscopically at times t 0 + nT for n ∈ N, the evolution operator can be written as
The so-called Floquet Hamiltonian H
can then be obtained by diagonalizing the evolution operator for a single driving cycle. In each two-dimensional momentum subspace, this operator can be explicitly calculated [23] and conveniently parametrized as
By construction the Floquet Hamiltonian possesses the same eigenstates as the evolution operator, and its eigenvalues ± T (k) = ∓arccos(u k,0 )/T follow from the logarithm of the corresponding eigenvalues of U k (t 0 + T, t 0 ). As such, these eigenvalues are only defined up to shifts of 2πm/T , with m ∈ N, leading to the denomination of quasi-energies, whose branch choice can be seen as a discrete gauge freedom. Once this choice is fixed, the resulting Floquet Hamiltonian can be written in real space as
where, as can be appreciated, the periodic driving may induce non-local interactions with effective coupling constants A and B given by the following expressions Before analyzing the influence of these non-local interactions, let us discus their origin by considering the FloquetMagnus expansion [11, 30] . In the infinite driving frequency limit T → 0, the Floquet Hamiltonian reduces to the timeaveraged Hamiltonian H av . Eigenstates of H av whose singleparticle energy difference (within a single momentum sector) equals an integer multiple of the driving frequency 2π/T are said to be quasi-degenerate or resonant and, in the same way that a small perturbation on a stationary Hamiltonian can strongly couple degenerate eigenstates of the unperturbed Hamiltonian, deviations of e −iH
T from e −iHavT can strongly couple said quasi-degenerate eigenstates [15] [16] [17] [18] [19] [20] [21] . These so-called Floquet resonances [31] give rise to avoided crossings that result into the Floquet eigenstates being expressed as linear combinations of two such (near-) resonant states. As this mechanism cannot be represented by local operators, the Floquet Hamiltonian necessarily contains longrange interactions if resonances are present. In Fig. 1 we show a plot of the quasi-energy spectrum as a function of T , in which the invervals within which avoided crossings do occur can be clearly distinguished. It is important to point out that in Fig. 1 the quasi-energies are restricted to the first Brillouin Zone, which is also referred to as the 'folding' of the spectrum [11] . While the gauge choice for the quasi-energies is immaterial for the time evolution of the system, this folding might introduce unphysical interactions in the local Hamiltonian. In order to avoid this unwanted outcome, the spectrum needs to be explicitly unfolded. Although there exists no general way of doing so [17] , in the current model we have the advantage that the Floquet Hamiltonian factorises into twodimensional subspaces and has a symmetric spectrum. There-fore, the single-particle quasi-energy spectrum can be explicitly unfolded by either adding or subtracting the corresponding multiple of 2π/T whenever a resonance condition is met [23] . With this choice of unfolding one can check that we can recover the expected results for various limits of the parameters. For instance, if γ = 0 all instantaneous Hamiltonians commute and the driving trivializes, leading to H
[t0,T ] F
= H av at all driving frequencies, as returned by the proposed unfolding. Another example is the static case, which can be achieved by either h 1 = h 2 , α = 0 or α = 1, and for which the Floquet Hamiltonian reduces to the static one.
Interactions in the Floquet Hamiltonian. -Now that a gauge has been fixed, we can go back to studying the couplings given by Eq. 5. In particular, we are interested in whether or not the driving introduces significant couplings at ranges larger than the nearest-neighbour interactions present in the instantaneous Hamiltonian. For that, we consider the
to probe the non-local long-range behaviour of the Floquet Hamiltonian. As mentioned before, as T goes to zero one retrieves the time-averaged Hamiltonian, and thus ρ = 0. When T increases, one would naively expect an enhancement of longer and longer range interactions, reflected in an increase of ρ. However, this is not always the case. As can be seen in the top panel of Fig. 2 , which shows a density plot of ρ in the (T, h 1 )-plane, alternating regions where interactions are either local (blue regions corresponding to ρ 0) or non-local (orange regions corresponding to ρ > 0) can be clearly distinguished. In fact, it can be mathematically verified that the interactions decay algebraically with distance in the non-local regions, while in the local ones the decay is exponential [23] . The bottom panel in the same figure shows the amplitudes of the couplings A along the dotted line h 1 = 15, where it can be seen that inside the local regime (highlighted by the pale blue background) only the local couplings are non-neglibible, whereas in the non-local regime all the couplings do play a role in the Floquet Hamiltonian. These local to non-local transitions are induced by the appearance of avoided crossings, since, as we mentioned previously, the latter are the origin of the long-range interactions. Similar density plots for different cuts in the parameter space, as well as the amplitudes of the couplings B , can also be found in [23] .
The boundary lines separating these two kinds of regions, as drawn in red in the top panel of Fig. 2 , are given by the resonance conditions for the maxima and minima of the spectrum of H av . This yields the following equations:
with h av = αh 1 + (1 − α)h 2 and m ∈ N. Notice that for any value of h 1 there is a maximal value of the period beyond which the Hamiltonian will always remain non-local. In the regime where h av ≥ J(1 − γ 2 ), this value is T c = π/2J.
Influence on the dynamics. -A natural question to ask is in which manner do these features impact the evolution of observables towards the steady-state (synchronized) regime under the periodic protocol described here. It was previously observed that the presence of a limited number of Floquet res-onances in finite-size systems has a major influence on the dynamics, leading to long-lived temporal fluctuations [17] . Similarly, in Ref. [32] open driven systems are considered where analogous regions to the ones shown in Fig. 1 are defined by the quick or slow spatial decay of correlation functions.
To explore this, suppose we prepare the system at an initial time in the ground state |GS of a static Hamiltonian (with e.g. h(t) = h 1 ) and analyse its stroboscopic properties after introducing driving. For a given observable O, the stroboscopic time evolution is given by O(nT ) ≡ Ψ(nT )| O |Ψ(nT ) , where |Ψ(nT ) = U (nT, 0) |GS , with n ∈ N. This can be separated into two contributions: a decaying part that tends to zero as n → ∞ and a steady-state (synchronized) [9, 23] determined by the diagonal ensemble in the basis of the Floquet Hamiltonian eigenstates. The stroboscopic time evolution of the decaying part of various observables is shown in Fig. 3 at different driving periods corresponding to local and non-local regimes.
Provided O can be decomposed in momentum subsectors [33] , in the thermodynamic limit the decaying part of the observable can generally be written as
where f (k) is observable-dependent and proportional to the product of the overlaps between the Floquet states and the initial ground state. In all explored cases, the resulting decay is algebraic and, moreover, can be exactly derived by applying the stationary phase approximation to Eq. (7) [23] . Here, it can already be appreciated that the general decay will be determined by the stationary points of T (k). In the non-local regimes there are extrema in the quasi-energy T (k) corresponding to resonant states, determining the dominant contribution to the decay as n −1/2 . In the local regimes, however, two situations are possible: for h av ≥ J(1 − γ 2 ), the only extrema are at k = 0 and π, for which f (k) vanishes, independently of the initial state [23] . Consequently, the leading order term decays as n −3/2 . On the other hand, for h av < J(1−γ 2 ) there is an extremum already present in the spectrum of the time-averaged Hamiltonian, which leads again to a n −1/2 decay. Alternatively, different exponents can be found in particular scenarios as, for instance, when the second derivative of the quasi-energy vanishes at the stationary point, resulting in a decay of n −3/4 (see, for example, the green dots in Fig. 3 ). This analysis shows that in the non-local regimes, the system generally exhibits the slowest decaying exponent. Furthermore, it exhibits persistent oscillations, the frequency of which corresponds to the quasi-energy difference between the resonant states in the avoided crossings. These can be interpreted as Rabi oscillations where the resonant states repeatedly emit and reabsorb energy to/from the driving. This change of behaviour as we transition between local to non-local regions can also be connected to crossovers between arealaw to volume-law scaling in the entanglement entropy of the steady state, which was similarly shown to be reflected in dynamical phase transitions [34] . green dots: α = 0.5, γ = 0.550961, h1 = 0.2, h2 = 1.2, and T = 0.75; blue dots: α = 0.5, γ = 0.8, h1 = 2.0, h2 = 0.5, and T = 0.75. The particular value of γ in the second case (green dots) results from imposing that the second derivative of the quasienergy is zero at k = 0. In all cases we have plotted the absolute value of the observable so that the algebraic decay (shown by solid lines with corresponding matching colors) can be appreciated in a log-log scale. In the insets we show the total expectation value for each observable in the regime corresponding to a decay ∼ n −1/2 .
In previously studied driven systems, it has been shown that the synchronized state can be described by a Gibbs ensemble. In most instances the temperature associated to that description turns out to be infinite [12] [13] [14] . In our case, however, due to the restriction of Floquet resonances to the single-particle sector, the system does not heat up to an infinite-temperature state, but is instead described by a non-trivial Periodic Generalized Gibbs Ensemble (PGGE) [10] . This implies that the resulting steady-state values of physically relevant observables will be highly dependent on the driving protocol, and possibly prone to display signals of phase transitions. This behaviour is indeed observed in Fig. 4 , in which the steady-state observ- ables present non-analyticities precisely at the edges of local and non-local regimes. Furthermore, non-analyticities can be found well within the non-local regions, as indicated by the vertical pale green lines in the same figure. These correspond to the change in the number of resonant modes and it can be shown that their location in the parameter space also obeys Eqs. (6) .
Note that, even though the dynamics are independent of the unfolding of the spectrum, the match between the transitions present in the Floquet Hamiltonian and those in the expectation values of the observables further justifies our choice of unfolding. Finally, from Fig. 4 we can see that by choosing certain driving parameters one can target specific combinations of values for the magnetization and correlation functions as a means of engineering systems with particular properties.
Despite the fact that the phenomena we have illustrated in this Letter are fairly generic and robust to the choice of protocol and observables, other phenomena can arise for specific choices of driving parameters. For instance, for large magnetic fields, additional local lines can be found in regions where one would expect a non-local Floquet Hamiltonian, as discussed in [23] . These additional lines correspond to the maximal dynamical many-body freezing, as also observed in Ref. [35] . Our study also allows to naturally connect Floquet resonances [17] with the appearance of long-range correlations as presented in Refs. [32, 34] . Finally, the phenomena analyzed in this letter are also expected to be observable in string order parameters, characterizing similar transitions in the Floquet ground state of driven Ising models [36] [37] [38] .
Conclusions. -In this Letter, we considered an anisotropic XY spin chain driven by a periodically-quenched external transverse field. The algebraic structure of the theory, together with the quenches-based choice of protocol, have allowed us to obtain an exact expression for the Floquet Hamiltonian and its eigenstates. While the choice of Floquet Hamiltonian for a fixed t 0 is unique only up to discrete gauge choices, we have shown that a simple unfolding procedure allows to clearly highlight the different non-equilibrium phases. We establish the presence of regions with local and non-local interactions depending on the driving parameters, and present analytic expressions for the phase diagram as determined by the structure of the avoided crossings of the quasi-energies representing resonances. In the local regions this Floquet Hamiltonian is well approximated by the time-averaged one, whereas the non-local region is characterized by the presence of resonances in the Floquet single-particle spectrum, necessitating long-range interactions. For these systems, there exists a maximal value of the driving period above which the interactions remain non-local. The different phases can be observed in both the dynamics and the steady-state observables. Nonlocal regions are distinguished by a slow decay combined with persistent oscillations originating from Floquet resonances, whereas in local regions a quicker decay to the synchronized state can be expected, though this depends on the parameters of the driving. In future work, we will return to the questions of how more general interactions influence these effects, and how they manifest themselves for other types of observables such as longer-range and/or dynamical correlations. 
